One kind of spontaneous (2+1)-dimensional Lorentz symmetry breaking is discussed. The symmetry breaking pattern is SO(2, 1) → SO(1, 1). Using the coset construction formalism, we derive the Goldstone covariant derivative and the associated covariant gauge field. Finally, the twoderivative low-energy effective action of the Nambu-Goldstone bosons is obtained. * Electronic address: huangjh@m.scnu.edu.cn
I. INTRODUCTION
Lorentz symmetry plays an important role in modern physics. For example, it is the basic symmetry of special relativity and the standard model of particle physics. To date, the experimental constraints on Lorentz violation are still stringent [1] [2] [3] .
However, many efforts have been made to investigate Lorentz-violating models. A theoretical motivation is that quantum gravity is believed to violate Lorentz symmetry. For example, in string theory, the effective theory of D-branes with background Neveu-SchwarzNeveu-Schwarz B field is described by noncommutative field theory, which violate Lorentz symmetry [4, 5] . Spontaneous Lorentz symmetry breaking (SLSB) also has attracted attention in some phenomenological models which propose interesting explanations for gauge bosons. In the Abelian Nambu model [6] [7] [8] , photon is emergent as the Nambu-Goldstone (NG) boson of SLSB and this model has been proved to be equivalent to the standard QED at tree [6] , one-loop [7] , and all loop orders in perturbation theory [8] . Non-abelian gauge bosons can also be emergent as NG bosons of SLSB [9, 10] .
Another interesting application of SLSB is for condensed matter systems. The longwavelength collective excitations of certain systems can be described by the NG bosons arising from spontaneously broken symmetries [11] [12] [13] [14] [15] [16] [17] [18] . This idea is applied to study lowenergy dynamics of superfluid in [12] and is generalized to perfect fluids and solids [14] [15] [16] .
In [18] , the authors classify different condensed matter systems in terms of the spacetime and internal symmetries which are spontaneously broken.
For spontaneous internal symmetry breaking, according to Goldstone theorem, there is one massless NG boson corresponding to each broken generator. The effective action of NG bosons can be obtained in coset construction formalism. This model-independent formalism for internal symmetry breaking was developed by Coleman, Callan, Wess and Zumino (CCWZ) [19, 20] and was further generalized to spacetime symmetry breaking cases [21] [22] [23] . Compared with internal symmetry breaking, there are two main differences for spontaneous spacetime symmetry breaking. One difference is the number of NG bosons may be less than the number of broken generators, which is known as inverse Higgs effect [24, 25] . Another difference comes from the coset construction formalism. Since translations act nonlinearly on coordinates, the translation generators should be treated as "broken" generators, regardless of whether it is truly broken or not.
Generally, Lorentz symmetry is spontaneously broken by nonzero vacuum expectation values (VEVs) of vector fields or tensor fields. And, an antisymmetric 2-tensor is often used to trigger SLSB in literatures. The VEV of the antisymmetric 2-tensor can be a constant background [26, 27] or can be developed dynamically [5, [28] [29] [30] .
In this paper, we focus on SLSB in (2+1)-dimensional flat spacetime. The breaking is triggered by the VEV of an antisymmetric 2-tensor, F µν , which has three independent components. F 12 is the magnetic component and F 01 , F 02 are the electric components. In Ref. [26] , the author considered SLSB triggered by the nonzero VEV of magnetic component This paper is organized as follows. In Section II, we briefly review the coset construction for spacetime symmetry breaking. In section III, the spontaneous breaking of (2+1)-dimensional Lorentz symmetry is studied. The effective action for the NG bosons is finally derived. Section IV is devoted to the conclusion.
II. COSET CONSTRUCTION

A. Internal symmetry breaking
For spontaneous breaking of internal symmetry , the general formalism to construct the effective action of NG bosons was developed by Coleman, Callan, Wess and Zumino [19, 20] .
An internal symmetry group G is spontaneously broken to its unbroken subgroup H. The group generators should satisfy the following relations
where T i denote the unbroken subgroup generators in H and X a denote the broken generators in G H. If f abc in the third commutation vanish, G H is called symmetric coset space. The NG bosons ξ a are used to parameterize the coset space through
This parametrization defines a nonlinear realization of the group G. Considering the action of an element g ∈ G on U, we have the following transformation
where h (ξ (x) , g) ∈ H. From the parameterized coset element U, one can define the Goldstone covariant derivatives D µa and the associated gauge fields A µi from Cartan-Maurer one-form
Under the general group transformation (3), it is straightforward to derive the corresponding transformation rules for D and A,
The associated gauge field A µ can be used to define covariant derivative for other matter field ψ which furnish a linear representation of H, D µ ψ = ∂ µ ψ + A µ ψ. With the covariant quantities D µ and D µ ψ, one can construct the invariant effective action. For example, the two-derivative effective action of NG bosons is
B. Spacetime symmetry breaking
The coset construction formalism for spacetime symmetry breaking was developed in [21, 22] . Here we just consider Poincare symmetry breaking. One special thing is that we should take the translation generators as broken generators, even actually they are not broken. For simplicity, the same symbols are used for other broken and unbroken generators as the internal case. The parameterization of the coset space is
Under the action g of G, the transformation of U is
where h (ξ (x) , g) ∈ H. The Maurer-Cartan 1-form in this case is
Compared with the internal case, extra terms e α µ appear and play the role of vielbeins. Under the group transformation (8), we have
With these quantities, we can define the covariant derivatives of the NG fields ξ a and other matter field ψ which belongs to a linear representation of H,
where e ν α is the inverse of the vielbein, satisfying e ν α e β ν = δ β α . In the above definition, vielbein plays important role. Then the general G-invariant effective action is given by
III. SPONTANEOUS (2+1)-DIMENSIONAL LORENTZ SYMMETRY BREAK-
ING
In this section, we will consider the spontaneous breaking of (2+1)-dimensional Lorentz symmetry. The metric is chosen as η µν = (+1, −1, −1). Because the speciality of translations in spacetime symmetry breaking, we should start with the full Poincare symmetry. The commutation relations of the Poincare generators are
where J µ ≡ 1 2 ǫ µνρ M νρ and M νρ are the Lorentz generators. In [26] , the Lorentz symmetry is broken by an antisymmetric 2-tensor F µν with nonzero constant vacuum value: < F 12 >≠ 0, < F 0i >= 0. Two boost generators J 1 , J 2 are broken and space rotation generator J 0 is unbroken. The symmetry breaking pattern is so(2, 1) → so(2).
Here we will consider the complementary case. The nonzero constant vacuum value is taken as < F 01 >≠ 0, < F 02 >=< F 12 >= 0. Then it is straightforward that the generators J 0 , J 1 are broken and J 2 is unbroken. The symmetry breaking pattern is so(2, 1) → so(1, 1).
In fact, the detail of the symmetry breaking is not important and the coset construction formalism is only related with the symmetry breaking pattern.
One should keep in mind that the translations should be taken as broken generators. The element of the coset SO(2, 1) SO(1, 1) is parameterized by NG fields φ 0 , φ 1 as follows,
where
Here we use the light-cone coordinates for convenience. Under the unbroken boost transformation, the transformation rules of NG fields and space-time coordinates are
where η is the rapidity.
From (14), we have the following Cartan-Maurer one-form
After some calculation (details are in Appendix), we can derive the vielbein
and other components in the Cartan-Maurer one-form
where (18)- (21). In fact, when we expand the above equations in φ, φ always appears in powers of φ 2 . The above equations are well defined.
The inverse of the vielbein (18) can be derived straightforwardly,
From the discussion of previous section, the Goldstone covariant derivatives are defined as
which can be written explicitly as follows,
Using these Goldstone covariant derivatives, we can construct the effective action of NG bosons, which is invariant under full group G. Under the transformation (16), the covariant Goldstone derivatives of NG bosons transform as follows
To construct the effective action, we also need the invariant integral measure. In our model, this measure is given by
Then the two-derivative effective action of NG bosons is expressed as
where a i (i = 1, ..., 7) are seven arbitrary real parameters.
When considering the coupling of NG bosons and other matter fields ψ, we need the associated covariant gauge field, which are defined as
Then the covariant derivative of the matter field ψ is
The effective action for NG bosons and ψ is
where L is H-invariant. This effective action is invariant under the transformation of full group G.
IV. CONCLUSION
We investigate the spontaneous breaking of (2+1)-dimensional Lorentz symmetry. The breaking pattern is SO(2, 1) → SO(1, 1), which is caused by the nonzero vacuum of the electric component F 01 of an antisymmetric 2-tensor. There are two NG bosons φ 0 and φ 1 , which correspond to the low-energy quantum excitations of F 02 and F 12 respectively. The
Goldstone covariant derivatives are derived in (24)- (26) and the associated covariant gauge field is in (32). The two-derivative low-energy effective action of the two NG bosons is finally obtained in (31).
When the 2-tensor F µν is an antisymmetric gauge field, it has no physical degree of freedom in three dimensional spacetime, so the resulting massless NG bosons are unphysical.
If the 2-tensor is field strength of a vector field, the massless NG bosons are physical. An example of this case can be found in [28] , where the author proposed a three-dimensional gauge model with a Chern-Simons term where the Lorentz symmetry was spontaneously broken by a dynamically generated magnetic field.
An interesting problem for further study is to find physical models where the Lorentz symmetry breaking pattern discussed by us occurs. Another interesting thing is to find possible condensed matter systems which can be described by the (2+1)-dimensional Lorentz symmetry breaking caused by non-zero magnetic or electric fields.
are useful. Using these formulas, the Cartan-Maurer one-form (17) reads
where π = φ + J + + φ − J − .
Next, we show the calculation of two examples in (17) . The first is the element e + + in the vielbein, which is the coefficient of idx + P + , and the second is the associate gauge field A µ , which is the coefficient of dx µ J 2 . Form (13) and (15) 
(A.9)
Other higher order commutation relations can easily be derived. Plugging these relations into (A.3), we can obtain the vielbein element and gauge filed Other terms in the Cartan-Maurer one-form can be calculated similarly.
